We solve the Jacobi identity of metric 3-Lie algebras for which an associated Lie algebra either does not admit bi-invariant 4-forms or it is the sum of up to three abelian directions and a semi-simple Lie algebra. In all cases, we find that the structure constants of the metric 3-Lie algebras are sums of orthogonal simple 4-forms verifying a conjecture in math/0211170. In particular, there is no metric 3-Lie algebra associated to a u(N ) Lie alebra for N > 2. We examine the implication of this result on the existence of a multiple M2-brane theory based on metric 3-Lie algebras.
Introduction
The Jacobi identity of a metric 3-Lie algebra, a [3] , is where F are the structure constants and n is the dimension of a [3] , respectively. Compatibility with a metric requires that the structure constants F are skew-symmetric in all indices 1 . The generalization of (1.1) to metric k-Lie algebras is apparent. In particular for k = 2, (1.1) becomes the Jacobi identity of a standard metric Lie algebra.
Apart from the interpretation of (1.1) as a Jacobi identity for a 3-Lie algebra, it can also be thought of as a generalized Plücker relation. The latter interpretation for the analogous relation for 4-Lie algebras has been instrumental for the classification of maximally supersymmetric backgrounds in IIB supergravity [1] . Moreover under the assumption that the degree of the structure constants (as a form) is about equal to the middle dimension of the k-Lie algebras, it was conjectured in [2] that the only solutions to Jacobi identity are those for which F is the sum of orthogonal simple 2 forms. This was verified for all metric 3-Lie algebras and metric 4-Lie algebras up to and including dimensions 8 and 10, respectively.
More recently, a theory was proposed by Bagger and Lambert [3] for multiple M2-branes based on metric 3-Lie algebras. Later it was supersymmetrized by Gustavsson in [4] , see also [5] . This followed earlier attempts to construct superconformal N = 8 Chern-Simons [6] and multiple M2-brane theories [7] . The relation of the multiple M2-branes theory to the maximally supersymmetric gauge theory which describes multiple D2-branes has been investigated in [8, 9, 10, 11] and some other aspects have been examined in [12, 13, 14, 15] .
Despite the progress that has been made towards understanding the proposed multiple M2-brane theory based on metric 3-Lie algebras, it remains unclear whether (1.1) has more solutions than those given in [2] , see also [16] . In this paper, we shall show that for a large class of cases, which include those that have applications in multiple M2-branes, the only solution to (1.1) is that for which F is the sum of orthogonal simple 4-forms, ie the solution given in [2] . To describe our result, first observe that given a vector X in a [3] , one can associate a Lie algebra a [2] (X) to a [3] defined as the orthogonal complement of X in a [3] with structure constants i X f . It is easy to verify that i X f satisfy the Jacobi identity using (1.1). The main results of this paper are
• If a [3] admits an associated Lie algebra a [2] (X) and a [2] (X) does not have a biinvariant 4-form, then F is a simple 4-form.
• If a [3] admits an associated Lie algebra a [2] 
ss is a semi-simple Lie algebra, then F is the sum of orthogonal simple 4-forms.
This paper is organized as follows. In section two, we give the proof of the first statement. In section 3, we give the proof of the second statement and in section 4, we examine the applications of our results in the context of multiple M2-branes.
3-Lie algebras and invariant 4-forms
The Jacobi identity of metric k-Lie algebras is an over-constrained quadratic equation for the structure constants F . In particular, it is easy to see that the ratio of the number of relations given by the Jacobi identity to the number of components of the structure constants F grows as n k−1 for large n. In particular, it grows linearly for Lie algebras and quadratically for 3-Lie algebras. So it is clear that the structure constants of k-Lie algebras for k > 2 are more restricted than those of standard Lie algebras.
To prove the first statement in the introduction, without loss of generality, take the vector field X to be along the 0 direction. Then split the indices as A = (0, i), B = (0, j) and so on, with i, j, · · · = 1, . . . , n − 1. Setting A = M = 0 and the rest of the free indices in the range 1, . . . , n − 1 in (1.1), it is easy to see that
satisfy the Jacobi identity of standard Lie algebras and f are the structure constants of a [2] (X). Thus we have written F as
where (e 0 , e i ), i = 1, . . . , n − 1, is an orthonormal basis. Next set M = 0 and the rest of the free indices in the range 1, . . . , n − 1 in (1.1). Using the skew-symmetry of F , one finds that
This implies that the 4-form φ is bi-invariant with respect to a [2] (X). Since by assumption such form cannot exist, we conclude that φ = 0. Thus, we find so far that
Next taking all free indices in (1.1) in the range 1, . . . , n − 1, we find that
This is the classical Plücker relation which implies that f is a simple form. Thus one have concluded that the only solution to (1.1) is
for some constant µ, where we have chosen the four 1-forms, without loss of generality, to lie in the first four directions. This proves the first result of the paper.
The assumption that a [2] (X) does not admit a bi-invariant 4-form is not very strong. To see this, it is known that bi-invariant forms on the Lie algebra of a group give rise to parallel forms with respect to the Levi-Civita connection on the associated simply connected group manifold. So if a [2] (X) admits a bi-invariant 4-form, the associated group manifold G admits a parallel 4-form which is necessarily harmonic. So for compact Lie groups, parallel 4-forms represent non-trivial classes in the 4-th deRham cohomology of G. Thus if a compact Lie group admits a parallel 4-form, then H 4 dR (G) = 0. However for a large class of Lie groups, which includes all semi-simple ones, H 4 dR (G) = 0. Thus we conclude that if an associated Lie algebra a [2] (X) to a [3] is semi-simple, then the assumption of the first statement in the introduction is satisfied and the only solution is as in (2.6).
3-Lie algebras and compact Lie algebras
To proceed to prove the second statement, first observe that we have already demonstrated the result for ℓ = 0 at the end of the previous section. Next, let us consider the case that for some X the associated Lie algebra is a [2] (X) = u(1) ⊕ ss . 
where ϕ is a bi-invariant form on the semi-simple part ss of a [2] (X). Without loss of generality, we have chosen the u(1) direction along e n−1 . Thus so far we have
Since ϕ is a bi-invariant 3-form on a semi-simple Lie algebra, ϕ is a linear combination of the structure constants f r of the simple Lie algebras s r in ss = ⊕ r s r . Thus F can be rewritten as
where µ r = 0 and ν r are some constants. Next using that f r and f r ′ , for r = r ′ , are mutually orthogonal, the Jacobi identity (1.1) implies that µ r e 0 + ν r e n−1 and µ r ′ e 0 + ν r ′ e n−1 are mutually orthogonal as well. This can be easily seen by setting A, B, C to take values in the s r and D, E, M to take values in the s r ′ component of ss, respectively. Moreover applying the Jacobi (1.1) for the same simple component, ie allowing all A, B, C, D, E, M to take values in the same simple component s r , one finds that f r satisfies the standard Plucker relation, as in (2.5), and so f r must be a simple 3-form. In conclusion, F is the sum of at most two orthogonal simple 4-forms, ie without loss of generality, it can be written as 5) where µ and ν are constants. This can be easily extended to those 3-Lie algebras that admit an associated Lie algebra of the type
This is because the invariant 4-forms on a [2] (X) are of the form
where ρ s are the 1-forms along the u(1) directions and ϕ s are linear combinations of the structure constants f r of the simple Lie algebra components s r of ss. It is known that semi-simple Lie algebras do not admit bi-invariant 1-and 2-forms. Using a similar argument as in the case above, one finds that F is the sum of at most four orthogonal simple 4-forms. This proves the second result of our paper. The above analysis can be extended to 3-Lie algebras for which
However in such a case there are additional invariant 4-forms φ which can be constructed only from the generators of the u(1) components. To proceed in such a case, one may also have to consider the associated Lie algebras a [2] (X), where X now is along one of the u(1) directions. We shall not examine this further here.
Concluding Remarks
Some of the results we have presented for metric 3-Lie algebras can be extended to metric k-Lie algebras for k > 3. This together with the n k−1 growth of relations on the structure constants mentioned in section 2 strengthens the conjecture in [2] . In particular, it looks likely that the structure constants of metric k-Lie algebras are sums of orthogonal simple (k + 1)-forms. Though there is not a proof for this.
A consistency condition for the validity of a multiple M2-brane theory for N ≥ 2 is the derivation from it of the maximally supersymmetric gauge theory in 3-dimensions which describes N coincident D2-branes. The gauge group of the latter for D2-branes in flat space is U(N). If the gauge group U(N) is identified in the metric 3-Lie algebra as in eg [8, 9, 10] , the results of our paper demonstrate that the above consistency check is not met for N > 2. In fact many other possibilities for other gauge groups have been excluded. This clearly indicates that some of the assumptions must be weakened. This has already been anticipated by Gran, Nilsson and Petersson in [11] where they considered a theory of multiple M2-branes based on a 3-Lie algebra which is not metric. From this theory one can consistently derive the effective theory of N coincident D2-branes. However, this multiple M2-brane theory is not described by an action. The dynamics of the theory is given in terms of field equations.
